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New proofs of some properties of hereditarily
indecomposable Banach spaces
N. de Rancourt
Abstract
We give a new and short proof of the result by W. T. Gowers and B. Maurey
asserting that a hereditarily indecomposable Banach space cannot be isomorphic to
a proper subspace of itself. This proof does not make use of spectral theory and
works in real spaces as well as in complex spaces. Using the same approach, we give
new proofs of two other results on hereditarily indecomposable spaces.
1 Introduction
In this paper, unless otherwise specified, when speaking about a Banach space (or simply
a space), we shall mean an infinite-dimensional Banach space, and by subspace of a
Banach space, we shall always mean infinite-dimensional, closed subspace. By operator,
we shall always mean bounded linear operator.
In 1993, W. T. Gowers and B. Maurey [4] built the first example of a Banach space
containing no unconditional basic sequence, thus solving the longstanding unconditional
basic sequence problem. The space they built actually has a much stronger property: it
is hereditarily indecomposable (HI), i.e. no two subspaces of it are in topological direct
sum. In the same paper, the authors prove several properties of HI spaces. Among them,
the following:
Theorem 1.1. An HI space is isomorphic to no proper subspace of itself.
Recall that an operator S : X Ñ Y between two Banach spaces is strictly singular
if no restriction of S to a subspace of X is an embedding. In their paper, Gowers and
Maurey get Theorem 1.1 for complex HI spaces as an immediate consequence (using
basic Fredholm theory) of the following result:
Theorem 1.2. If X is a complex HI space then every operator T : X Ñ X can be written
T “ λ IdX `S, where λ P C and S is a strictly singular operator.
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Their proof of Theorem 1.2 makes use of Fredholm theory and spectral theory, thus
explaining the fact that it only works for complex spaces. Actually, it turns out that this
result is not true in general for real HI spaces. For such spaces X, the authors prove a
general structural result for operators from X to X, similar to Theorem 1.2, by passing
to the complexification of X. From this result, they deduce Theorem 1.1 for real HI
spaces. As they mention, they do not know any direct proof of Theorem 1.1 in the real
case. Later, V. Ferenczi [2] gave a new proof of Theorem 1.2 using no spectral theory
but rather Banach algebra methods (he actually proves a more general result); however,
as far as the author of the present article knows, no direct proof of Theorem 1.1 for real
spaces has been known by now.
The main aim of this paper is to provide a direct and simple proof of Theorem 1.1.
This will be done in section 2; the proof uses only Fredholm theory and works in real HI
spaces as well as in complex HI spaces. Then, in section 3, we will use the same method
to give a new proof of a further result by Ferenczi [3]. Finally, in section 4, we will prove
a weakening of Theorem 1.2 which is also valid for real HI spaces.
2 The proof of Theorem 1.1
In this section we give a new proof of Theorem 1.1. In the rest of this paper, all Banach
spaces will be over the field K :“ R or C, the proofs working as well in both cases.
Some elements of this proof were already present in [4]; to make this paper self-
contained, we shall state them as lemmas and prove them. This proof is mainly based
on Fredholm theory; we begin this section with recalling a basic result about it. For
more details and proofs, we refer to [1], sections 4.4 and 4.5.
Let X,Y be two Banach spaces. We denote by LpX,Y q the space of bounded opera-
tors from X to Y (when X “ Y , this space will be simply denoted by LpXq). We equip
LpX,Y q with the operator norm denoted by } ¨ }, and with the associated topology. For
T P LpX,Y q, we denote respectively by npT q P N Y t`8u and dpT q P N Y t`8u the
dimension of the kernel of T and the codimension of the image of T . The operator T
is said to be semi-Fredholm if it has closed image and if one of the numbers npT q and
dpT q is finite, and Fredholm if both numbers npT q and dpT q are finite (this implies that
T has closed image). We denote respectively by FredpX,Y q and FˆredpX,Y q the set
of Fredholm operators and of semi-Fredholm operators from X to Y , seen as subsets of
LpX,Y q with the induced topology. For T P FˆredpX,Y q, we define its Fredholm index
by ipT q “ npT q ´ dpT q P Z Y t´8,`8u. The classical Fredholm-theoretic result we
will use in our proof is the following (here, ZY t´8,`8u is endowed with the discrete
topology):
Theorem 2.1. The Fredholm index i : FˆredpX,Y q ÝÑ ZY t´8,`8u is continuous.
We now pass to the proof of Theorem 1.1. Let X,Y two Banach spaces. We say that
an operator T P LpX,Y q is infinitely singular if for every ε ą 0, there exists a subspace
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Z of X such that }TæZ} ď ε. We say that λ P K is an infinitely singular value of an
operator T P LpXq if T ´λ IdX is infinitely singular. In the next lemma, the equivalence
between (1) and (2) was already present, as a remark, in [4].
Lemma 2.2. Let T P LpX,Y q a bounded operator. The following are equivalent:
(1) T is not infinitely singular;
(2) There exists a finite-codimensional subspace Z of X such that TæZ is an embedding;
(3) T is semi-Fredholm and ipT q ă `8.
Proof. (2) ùñ (1) is immediate.
(2) ùñ (3) Obviously npT q ă `8. Moreover, T pZq is closed in Y , and letting F be
a complement of Z in X, T pF q is finite-dimensional; so impT q “ T pZq ` T pF q is
closed in Y .
(3) ùñ (2) Since kerpT q is finite-dimensional, we can find Z a (closed) complement
of kerpT q in X. Since T pZq “ impT q is closed in Y , we deduce that TæZ is an
embedding.
(1) ùñ (2) Suppose that (2) is not satisfied, and let ε ą 0. We build a normalized
sequence pznqnPN of elements of X and a decreasing sequence pZnqnPN of finite-
codimensional subspaces of X by induction in the following way. The zi’s and the
Zi’s being defined for i ă n, we let Zn be a finite-codimensional subspace of Zn´1
(or of X, if n “ 0) such that the projection spanpzi | i ă nq‘Zn Ñ spanpzi | i ă nq
has norm at most 2. By the negation of (2), we can find zn P SZn such that
}T pznq} ď ε ¨ 2
´pn`3q, what achieves the construction.
The sequence pznq we defined is a basic sequence with constant at most 2; we let
Z be the subspace it generates. Then for x “
ř8
n“0 anzn P Z, we have:
}T pxq} ď
8ÿ
n“0
|an| ¨ }T pznq} ď
8ÿ
n“0
4}x}
ε
2n`3
“ ε}x}.
So }TæZ} ď ε, and T is infinitely singular.
The next lemma was already present as a remark in [4].
Lemma 2.3. If T P LpXq where X is an HI space, then T has at most one infinitely
singular value.
Proof. Suppose that λ, µ P K are two infinitely singular values of T . Let ε ą 0; we can
find two subspaces Yε, Zε of X such that }pT ´ λ IdXqæYε} ď ε and }pT ´ µ IdXqæZε} ď ε.
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The subspaces Yε and Zε are not in topological direct sum, so we can find yε P SYε and
zε P SZε such that }yε ´ zε} ď ε. And we have:
|λ´ µ| “ }λyε ´ µyε}
ď }λyε ´ µzε} ` |µ| ¨ }zε ´ yε}
ď }λyε ´ T pyεq} ` }T pyεq ´ T pzεq} ` }T pzεq ´ µzε} ` }µ}ε
ď ε` }T } ¨ }yε ´ zε} ` ε` }µ}ε
ď p2` |µ| ` }T }qε.
Thus, making ε tend to 0, we deduce that λ “ µ.
The next lemma is the key of our proof. It is valid for every Banach space X, not
necessarily HI.
Lemma 2.4. Let X be a Banach space and T P LpXq be a semi-Fredholm operator with
nonzero index. Then T has at least two distinct real infinitely singular values, a positive
one and a negative one.
Proof. For t P r0, 1s, define Tt “ tT`p1´tq IdX . We show that there exists t P p0, 1q such
that Tt is infinitely singular; this will imply that
t´1
t
is a negative infinitely singular value
of T . Suppose not. Then by Lemma 2.2, for every t P r0, 1s, Tt is semi-Fredholm. So
letting fptq “ ipTtq, we define a function f : r0, 1s ÝÑ ZY t´8,`8u; by the continuity
of the Fredholm index, this function is continuous, so constant. This is a contradiction
since fp0q “ 0 and fp1q ‰ 0.
We prove in the same way that T has a positive infinitely singular value, considering
the operators T 1t “ tT ´ p1´ tq IdX .
We can now conclude the proof of Theorem 1.1. Let X be an HI space and T P LpXq
be an isomorphism from X to a proper subspace of X. Then T is semi-Fredholm with
ipT q ă 0, so by Lemma 2.4 it has at least two distinct infinitely singular values. This
contradicts Lemma 2.3.
3 A further result
In this section, we give a direct proof of the following result by Ferenczi [3], generalizing
Theorem 1.1:
Theorem 3.1. Let X be an HI space, and let Z Ď Y be subspaces of X, with Z not
necessarily infinite-dimensional. Suppose that either the inclusion Y Ď X is strict, or
Z ‰ t0u. Then X is not isomorphic to Y {Z.
Proof. We follow the same approach as for Theorem 1.1. Let ι : Y Ñ X be the inclusion
map, and pi : Y Ñ Y {Z be the quotient map. Suppose that there exists an isomorphism
T : Y {Z Ñ X. Then both ι and T ˝ pi are Fredholm operators Y Ñ X, and we have
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ipιq ď 0 and ipT ˝ piq ě 0. Moreover, one of the latter inequalities has to be strict. So
ipιq ‰ ipT ˝ piq.
By the continuity of the Fredholm index, there should exist t P p0, 1q such that
tT ˝ pi ` p1 ´ tqι is not semi-Fredholm. This means that there exists λ ă 0 such that
T ˝ pi ´ λι is not semi-Fredholm, so infinitely singular by Lemma 2.2. In the same way,
considering the operators tT ˝pi´p1´tqι, we see that there is a µ ą 0 such that T ˝pi´µι
is infinitely singular. The same proof as in Lemma 2.3 leads to a contradiction.
4 Operators on HI spaces
In this section we prove the following result about operators on (real or complex) HI
spaces:
Theorem 4.1. Let T P LpXq, where X is an HI space. Then either T is Fredholm with
index 0, or T is strictly singular.
For complex HI spaces, this is a consequence of Theorem 1.2, using the classical fact
that the Fredholm index is invariant under strictly singular perturbations. However, this
result is also valid for real HI spaces.
Before proving Theorem 4.1, we begin with stating a lemma that was already present
as a remark in [4].
Lemma 4.2. Let T P LpXq, where X is an HI space. Then T is infinitely singular if
and only if it is strictly singular.
Proof. This is a classical fact, valid in arbitrary Banach spaces, that strictly singular
operators are infinitely singular (use for example (1) ùñ (2) in Lemma 2.2). Now
suppose that T is infinitely singular. We fix Y a subspace of X and ε ą 0, and we want
to find y P SY such that }T pyq} ă ε.
Since T is infinitely singular, there exists a subspace Z of X such that }TæZ} ď
ε
2
.
Since Y and Z are not in topological direct sum, we can find y P SY and z P SZ with
}y ´ z} ď ε
2}T } . Then we have:
}T pyq} ď }T pzq} ` }T py ´ zq} ď
ε
2
` }T } ¨
ε
2}T }
ď ε,
as wanted.
Proof of Theorem 4.1. Suppose that T is not strictly singular. By Lemma 4.2, it is not
strictly singular, so by Lemma 2.2, it is semi-Fredholm. If it does not have index 0,
then by Lemma 2.4, it has at least two infinitely singular values, contradicting Lemma
2.3.
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